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Abstract First principle calculations of the effective

exchange integrals (J) in the Heisenberg model for diradical

species are presented for both symmetry-adapted multi-

reference (MR) and single-reference broken-symmetry

(BS) methods. The Mukherjee-type state-specific MR

coupled cluster singles and doubles (MkCCSD) method

with several different reference orbitals including BS nat-

ural orbitals is used to calculate the singlet–triplet energy

gaps (S–T energy gap or 2J) and diradical characters for the

antiaromatic molecules [a cyclopropenyl anion (CPA),

b cyclobutadiene (CBD), and c cyclopentadienyl cation

(CPC)], the cyclobutadiene derivatives with polar substit-

utents [d aminocyclobutadiene (ACBD), e formylcyclo-

butadiene (FCBD), and f 1-amino-2-formyl-cyclobutadiene

(AFCBD)] and finally the cyclobutadine derivatives with

radical substitutents [g 1,2-bis(methylene)cyclobutadiene

(1,2-BMCBD) and h 1,3-bis(methylene)cyclobutadiene

(1,3-BMCBD)]. For the BS methods, the spin-unrestricted

Hartree–Fock based CCSD (UHF-CCSD), the CCD with

the spin-unrestricted Brueckner determinant (UBD), and

BS density functional theory (UDFT) computations are

performed. Comparison between MkCCSD and the

UHF-CCSD results indicates that spin-contamination

of UHF-CCSD solutions still remains. In comparison with

UHF-CCSD, the UBD results show that spin-contamination

involved in BS solutions is greatly suppressed. To eliminate

the spin contamination, an approximate spin-projection

(AP) scheme is applied to the BS solutions. The AP pro-

cedure with the use of the expectation value of the total-spin

operator corresponding to UHF-CCSD and UBD results

yields good agreement with the MkCCSD results. As for the

AP correction of the UDFT methods, three different com-

putational schemes for predicting the expectation value of

the total-spin operator are examined. Systematic compari-

sons between these methods are presented for the S–T

energy gaps (2J). Implications of the present computational

results have been discussed in relation to the design of

magnetic oligomers and polymers.

Keywords Multireference coupled cluster � Diradical

character � Approximate spin projection procedure � Spin

contamination

1 Introduction

Effective exchange interactions in molecular magnetic

materials have been of current interest because of their

contributions to spin correlation, spin frustration, organic

ferromagnetism, molecular spintronics, and so on [1–6].

Several theoretical models have indeed been applied for
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first-principle calculations of these interactions to derive

spin alignment rules and spin-dependent phenomena

[7–10]. In past decades single-reference broken-symmetry

(BS) methods have been utilized as convenient and prac-

tical procedures for estimating effective exchange integrals

(J) in diradicals and polyradicals [11–14], but these

methods involve spin-contamination in finite quantum

systems [15–18]. The spin-contamination effect in the spin-

unrestricted Hartree–Fock (UHF) and UHF based coupled

cluster singles and doubles (UHF-CCSD) has also been

investigated by several researchers [19–25]. We have also

pointed out that the UHF-CCSD method does not com-

pletely eliminate spin-contamination, whereas the use of an

approximate spin projection (AP) method greatly improved

the results, reduces the remaining spin-contamination’s

contribution to the energy [24]. In Parts I-III of this series

[26–28], we studied axial, helical, and general spin struc-

tures at the UHF, the spin-unrestricted density functional

theory (UDFT), the resonating BS, and the general HF

levels. These studies revealed that the BS methods with the

AP correction have the potential to deal with magnetic

properties of even large diradical systems. To treat poly-

radical and spin-frustrated systems like polynuclear tran-

sition metal complexes, further development of the usual

singe reference BS, generalized HF- and/or DFT-based

methods will be needed. It will be also important to con-

sider a way of eliminating spin-contamination from these

methods.

Many types of multireference (MR) methods have also

been formulated and implemented since these methods

are free from uncertainties related to spin-contamination

[29–32]. In particular, the Mukherjee-type state-specific

multireference coupled cluster singles and doubles

(MkCCSD) method is intruder-free and satisfies the size-

extensive condition, which is essential for large systems

[31, 33–35]. Very recently, Evangelista et al. [34]

demonstrated that it is crucial to use the MkCCSD method

in combination with the localized active orbitals obtained

from a complete active space self-consistent field (CASS-

CF) calculation to obtain the size-consistent correction.

Unfortunately, the present applicability of the MkCCSD

method is limited to small diradical systems. For larger

systems and polyradical systems such as transition metal

complexes, the difference dedicated configuration interac-

tion (DDCI) method and the second-order perturbation

theory based on the CASSCF wave function such as

CASPT2 and NEVPT2 are more practical within a

framework of ab initio wave function theories [36–39]. The

density matrix renormalization group (DMRG) methods

are also under development to describe nondynamical

correlation effects in large active spaces [40]. As a com-

petitive alternative to MR wave function theories, the MR

version of DFT (CAS-DFT) method has also been

developed by our group and other groups [41–47]. If sev-

eral difficulties, including the double-counting problem,

can be overcome, then it will be possible that CAS-DFT

will be able to describe both the nondynamical and

dynamical correlation effects in a balanced way at lower

computational costs than the current CASPT2 method [46].

On the other hand, Weimer et al. [48] proposed the mul-

ticonfiguration optimized effective potential (MCOEP)

method to treat nondynamical correlation effects within a

DFT framework. Despite low computational costs of DFT

methods, practical pure and hybrid DFT methods are less

reliable than ab inito wave function based methods. With

Barlett groups ab intio DFT methods, one now needs to

distinguish ab inito WFT and ab initio DFT, as they are

different. The KS-DFT method uses the non-interacting

electron kinetic energy functional, Ts, which has a correc-

tions T-Ts, in addition to the electron exchange and electron

correlation functionals, which need to be determined more

accurately and systematically to achieve chemical accuracy

for all of the elements in the periodic table [49].

Quasi-degenerate systems are currently being investi-

gated using both BS and MR methods. As a first step in the

design of molecular-based magnetic materials, we employ

both the MR methods and BS methods for the under-

standing of small systems with complicated electronic

structures. Since the highly accurate MkCCSD method

yields reliable benchmark results for small diradical spe-

cies [34, 50, 51], we will show by comparison with the

MkCCSD results that the AP method by eliminating

spin-contamination effects improves UHF-CCSD results

(energies). In addition to UHF-CCSD, the CCD method

using the spin-restricted Brueckner determinant (UBD)

[52, 53] is also examined to compare the performance

between the use of the UHF determinant with the use of the

Brueckner determinant. We also apply the AP scheme to

the UDFT solutions. For the estimation of S2
� �

values, in

addition to the conventional non-interacting procedure

[54], the exchange local spin density (XLSD) scheme [55]

and the exchange generalized gradient approximation

(XGGA) scheme [56] are employed. The diradical systems

considered in this study are as follows: the antiaromatic

molecules [a cyclopropenyl anion (CPA), b cyclobutadiene

(CBD), and c cyclopentadienyl cation (CPC)], the cyclo-

butadiene derivatives with polar substitutents [d aminocy-

clobutadiene (ACBD), e formylcyclobutadiene (FCBD),

and f 1-amino-2-formyl-cyclobutadiene (AFCBD)} and

finally the cyclobutadine derivatives with radical substitu-

tents [g 1,2-bis(methylene)cyclobutadiene (1,2-BMCBD)

and h 1,3-bis(methylene)cyclobutadiene (1,3-BMCBD)].

The systematic comparisions of the S–T energy gaps (2J)

of these diradical species calculated with several BS

methods with those obtained with the MkCCSD methods

are used to elucidate their scope and applicability for
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treating (to calculate the energies for these) exchange

coupled systems.

2 Theoretical background and computational methods

2.1 Natural orbitals, localized natural orbitals and their

classifications

The instability problem for closed-shell methods requires

one to derive the expressions for the corresponding BS

methods [57, 58]. To investigate and elucidate the static

electron and spin correlation effects involved in the BS

methods, the first-order density matrix qðr; r0Þ obtained for

these BS methods is diagonalized [15, 23] as

qðr; r0Þ ¼
X

i

ni/
�
i ðrÞ/iðr0Þ; ð1Þ

where /i and ni are, respectively, the natural orbitals (NOs)

and the occupation numbers of the BS solutions. The BS

molecular orbitals (MOs) of these solutions are expressed

with the symmetry-adapted bonding (/b) and antibonding

(/a) MO pair as

w�i ¼ cos hi/
b
MO � sin hi/

a
MO; ð2Þ

where h denotes the orbital mixing parameter determined

by BS computations [59–61]. BS MOs are often spatially

symmetry-broken because /b
MO and /a

MO are symmetry-

adapted and usually belong to different spatial symmetries

[23, 62].

The active NOs with occupation numbers close to 1.0

are responsible for the nondynamical correlation effects in

this scheme [24, 63]. On the other hand, the core and vir-

tual NOs are utilized for inclusion of dynamical correlation

effects. Several chemical indices are introduced to eluci-

date the nature of chemical bonds in diradical species [24].

The orbital overlap Si between BS MOs under the corre-

sponding orbital transformation [61, 64] is defined as

Si¼ wþi jw
�
i

� �
¼ cos 2hi: ð3Þ

Then Si becomes 1.0 for the closed-shell (restricted)

systems, whereas Si is 0.0 (h = p/4) for the complete

diradical species [64]. To express a quantitative description

of chemical bonding under the BS approximation, the

effective bond order bi is defined as

bi ¼
ni � n�i

2
¼ Si; ð4Þ

where ni and n�i denote the occupation numbers of the

bonding and antibonding NOs, respectively [24].

Therefore, the effective bond order (bi) is equal to Si.

The localized NOs are therefore defined as the completely

spin polarized BS MOs as [24, 50]

w� h ¼ p=4ð Þ ¼ 1
ffiffiffi
2
p /b

NO � /a
NO

� �
: ð5Þ

It is important to use localized UHF NOs (UNOs),

CASSCF NOs, and UDFT Kohn-Sham NOs (DNOs) as

well as ROHF MOs for MkCCSD computations to be size-

consistent.

The biorthogonalization of the canonical BS MOs pro-

vides the corresponding molecular orbitals (CMOs) [24,

62], such that the a and b BS MOs have the maximum

overlap.

w� CMOð Þ ¼ cos h/b
NO � sin h/a

NO; ð6aÞ

where /b
NO and /b

NO represents the bonding and antibonding

NO pair. The total spin quantum number S2
� �

value of singlet

open-shell species by the BS calculations are directly related

to the maximum orbital overlaps between CMOs

S2
� �

¼
Xm

i¼1

1� S2
i

� �
: ð6bÞ

The diradical character defined with the weight of doubly

excited configuration in the CI method is also expressed

with the orbital overlap under the spin-projected BS

solutions as [24]

Yi ¼ 2WD ¼
1� Sið Þ2

1þ S2
i

¼ 1� 2Si

1þ S2
i

: ð6cÞ

The diradical character is directly related to the effective

bond order after the spin projection as

Bi ¼ 1� Yi ¼
2Si

1þ S2
i

: ð6dÞ

2.2 Computational schemes of effective

exchange integrals

Appropriate modeling of quantum mechanical computational

results is crucial for the analysis and modeling of molecule-

based magnetic materials. The effective exchange interactions

for diradical species have been described by the Heisenberg

spin Hamiltonian as [1–16]

HHeisenberg ¼ �2JS1 � S2; ð7Þ

where S1 and S2 are spin operators for each site and J is an

effective exchange integral. After the AP correction, the J

value can be derived as [13]

J1 ¼
ELS � EHS

S2
� �HS� S2

� �LS
; ð8aÞ

where LS and HS denote, respectively, the total lowest spin

and highest spin states of the exchange-coupled systems; E

and S2
� �

denote the total energy and total spin angular
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momentum, respectively. The S2
� �LS

value obtained by BS

methods are not always zero even for singlet diradicals,

indicating that S2
� �LS

is a measure of spin contamination in

the BS solutions as shown in Eqs. 6a, 8a can be applicable

to symmetry-adapted RHF-CC and MkCCSD methods [13,

24, 51, 65]. It can be reduced to the weak [14] and strong

[11, 12] correlation limits as follows:

J2 ¼
ELS � EHS

SmaxðSmax þ 1Þ
; ð8bÞ

J3 ¼
ELS � EHS

S2
max

; ð8cÞ

where Smax denotes the spin quantum number of the total

highest spin state of an exchange-coupled system; Eqs. 8b

and 8c have been utilized for BS solutions.

Our AP scheme removes approximately the spin-con-

tamination effect from the UHF based methods and UDFT

[24]. In fact, the AP method has performed well for mag-

netic clusters and polymers [66–69]. The extrapolation

with Eq. 8a yields the total energy of the pure LS state

approximately as [24]

EAP ¼ ELS � J1 SLS
z ðSLS

z þ 1Þ � S2
� �LS

� �
ð9Þ

The AP scheme is utilized for simple quantum spin cor-

rection for BS energy. The S–T gaps (2 J) are regarded as

the resonance energy that is used to confirm the scope and

applicability of various computational methods because it

can be determined experimentally [66–69].

2.3 Spin contamination error and S2
� �

of several

BS solutions

To investigate the spin-contamination effect of the BS

methods, an appropriate evaluation of the S2
� �

value is

required. Although S2
� �

values of UHF solutions can be

calculated easily and uniquely as shown in Eq. 6a, it is

difficult to calculate S2
� �

values of UHF-CC solutions

because CC methods are not variational and require huge

computational costs. In this study, we adopt the scheme

proposed by Purvis et al. [54],

S2
� �

UHF�CC
� WUHFh jS2 WUHF�CCj i

WUHFh WUHF�CCj i ; ð10Þ

which takes lower computational costs. While more accu-

rate formalisms of S2
� �

UHF�CC
have been proposed [20,

21], Eq. 10 provides a good approximation.

The UDFT calculations are useful for large radical

systems [66–75]. The UDFT methods have been success-

fully applied to the prediction of activation barriers of

chemical reactions, magnetic properties, and so on.

However, the spin-contamination is a serious problem for

UDFT solutions because there is no explicit formalism to

compute their S2
� �

values. Recently, the non-interacting

Kohn–Sham single determinant wave functions have been

usually assumed to compute S2
� �

values. In addition to the

standard non-interacting procedure [54], the exchange spin

density (XLSD) scheme proposed by Wang et al. [55] is used.

S2
� �

XLSD
¼ SzðSz þ 1Þ �

Z

qsðrÞ\0

qsðrÞdr; ð11Þ

where qsðrÞ is the spin-density and Sz is the z-component of

the total spin. The XLSD scheme is based on the Löwdin’s

expression [17] for the S2
� �

based on two-electron density

matrix, and reducing to one-electron density matrix with an

assumption of the Slater-determinant-like notation. The

exchange generalized gradient approximation (XGGA)

scheme including Becke88 exchange functional [76]

proposed by Cohen et al. [56] is also employed.

S2
� �

XGGA
¼ SzðSzþ1ÞþNb

�
Z

qrðrÞdr;
r¼ a if kXGGA

a ðrÞ�kXGGA
b ðrÞ

r¼ b if kXGGA
a ðrÞ[kXGGA

b ðrÞ

(

ð12Þ

where Nb is the number of b-electrons and kXGGA
r ðrÞ is

defined as

kXGGA
r ðrÞ ¼ 9p

KXGGA
r ðrÞ

	 
1=2

q1=3
r ðrÞ;

EBecke88 ¼ �
1

2

X

r

Z
q4=3

r ðrÞKXGGA
r ðrÞdr:

ð13Þ

2.4 Spin projection for UHF-CCSD

The AP procedure is examined in relation to the MkCCSD

method (its detail is given in the supporting material). In

UHF-CCSD calculation based on the UHF (Sz = 0) refer-

ence function, projected energy Eprj1, in which triplet

contamination is annihilated, is formally identical to non-

projected energy EUHF�CCSD as

Eprj1 �
Uh jA1HeT1þT2 Uj i
Uh jA1eT1þT2 Uj i ð14Þ

¼
P0;S;D

p Uh jA1 Up

�� �
Up

� ��HeT1þT2 Uj i
Uh jA1 eT1þT2 Uj i ð15Þ

¼
EUHF�CCSD

P0;S;D
p Uh jA1 Up

�� �
Up

� ��eT1þT2 Uj i
Uh jA1eT1þT2 Uj i ð16Þ

¼ EUHF�CCSD; ð17Þ

where A1 = S2 - 2 is a projection operator and Uj i is a

UHF wave function [17]. In Eqs. 15 and 16, summations in
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numerator run over ground state (0), single excited states

(S) and double excited states (D). Also in Eq. 16, we have

used the definition of the CCSD energy

Uh jHeT1þT2 Uj i ¼ EUHF�CCSD; ð18Þ

and the amplitude equations

Ua
i jHeT1þT2 jU

� �
¼ EUHF�CCSD Ua

i jeT1þT2 jU
� �

Uab
ij jHeT1þT2 jU

D E
¼ EUHF�CCSD Uab

ij jeT1þT2 jU
D E

:
ð19Þ

Annihilating the singlet state yields projected energy

Eprj2, which is identical to the non-projected UHF-CCSD

energy as

Eprj2 ¼
Uh jA2 HeT1þT2 Uj i
Uh jA2 eT1þT2 Uj i ¼ EUHF�CCSD; ð20Þ

where A2 = S2 annihilates the contribution from the singlet

state. Eprj1 and Eprj2 are total energies corresponding to the

LS and HS states, respectively. However, Eqs. 17 and 20

lead to a wrong conclusion that the HS and LS states are

always degenerate in energy. This HS–LS degeneracy

contradicts previous results [24], and suggests the failure of

the spin-projection scheme defined in Eq. 14. In fact, we

revealed that the potential energy curve of F2 molecule

obtained by UHF-CCSD was quite different from that

obtained by MkCCSD, whereas the UHF-CCSD with the

AP correction well reproduced the MkCCSD calculation

[51]. It is caused by neglecting relaxation of CCSD

amplitudes (T1 ? T2) during the scheme. In other words,

the projected amplitude equation should be solved to obtain

projected LS energy (Eprj1) and wave function.

Ua
i jA1 HeT1þT2 jU

� �
¼ Eprj1 Ua

i jA1 eT1þT2 jU
� �

Uab
ij jA1 HeT1þT2 jU

D E
¼ Eprj1 Uab

ij jA1 eT1þT2 jU
D E ð21Þ

Note that the spin-projected energy and amplitude

equations should be defined in Eqs. 14 and 21,

respectively, if the projected CCSD wave function is

assumed as A1 eT1þT2 Uj i. On the other hand, in Ref. [22],

only the energy was projected by Eq. 14 and determined by

the non-projected amplitude equation (Eq. 21). The

discrepancy between the projected energy and non-

projected amplitudes causes an incorrect behavior

(EUHF�CCSD ¼ Eprj1 ¼ Eprj2). In other words, if the post-

HF wave function is assumed as
P

i Ci ij i, both Slater

determinants ij if g and expansion coefficients Cif g should

be projected, whereas the projection was considered only

for ij if g in Ref. [22].

The projected amplitude equation (Eq. 21) appears in

the MkCCSD computations (see supporting material). The

amplitude of MkCCSD is adapted not to the single-refer-

ence CC wave function, but to MkCCSD one. On the other

hand, UHF-CCSD with the AP correction partly involves

the relaxations of MOs and amplitude, leading to approx-

imately good results. In this work, we use the AP method

instead of the above spin-projection scheme (Eqs. 14 and

21) due to its ease of use and low computational costs in

addition to the size-consistency.

2.5 Computational details

Figure 1 illustrates the computational schemes of the

effective exchange integrals starting from the BS compu-

tations towards the MkCCSD computations as mentioned

in Sect. 2.1. The localization of the active orbitals is per-

formed by using Eq. 5. Our basic ideas [24] are selections

of the minimal active space on the basis of the occupation

numbers of the NOs obtained by BS solutions. Therefore,

the minimal active space (2,2) (2 electrons in 2 orbitals)

incorporates only static electron correlation. The remaining

dynamical correlation effects are included by the CC

techniques instead of the CASPT2 methods. If we employ

the CASPT2 procedures, active spaces are taken to be large

(or full valence) to obtain reasonable computational results.

On the other hand, appropriate selections of excitation

operators such as SDT… are required in the CC approach.

In this paper, we have performed both the BS and

MkCCSD computations of typical diradical species: an-

tiaromatic molecules (a–c), cyclobutadiene derivatives

with polar substituents (d–f) and cyclobutadiene with

radical substituents (g–h) as shown in Fig. 2. The J values

are obtained using Eqs. 8a, b, c. Full geometry optimiza-

tions were performed by UHF-CCSD for a-c and UCAM-

B3LYP for d–j. The geometries of both the BS singlet the

triplet states were optimized for g and h, respectively,

while the geometries for the triplet states were optimized

for the others. The optimized geometries are given in the

supporting materials.

Fig. 1 Computational schemes for electronic and spin states of quasi-

degenerate systems such as antiaromatic molecules by using the

MkCCSD and related methods. The minimal active space used to

incorporate non-dynamical correlation effects. The dynamical corre-

lation effects are calculated by the CC methods
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The HF, post-HFs and DFT calculations have been per-

formed by Gaussian program package [77]. The CASSCF

calculations have been performed by GAMESS program

package [78, 79] and MkCCSD calculations have been

performed by PSI3 program package [80]. For all calcula-

tions, we have employed the aug-cc-pVDZ basis set for a

and cc-pVDZ for the others [81, 82]. Spin-unrestricted type

of BLYP, B3LYP, BHandHLYP, LC-BLYP and CAM-

B3LYP were employed in DFT computations [83–86].

3 Computational results for parent antiaromatic

molecules

3.1 HF instability and symmetry breaking

in antiaromatic molecules

As shown in Fig. 2, three antiaromatic molecules; cyclo-

propenyl anion C3H3
- (a), cyclobutadiene C4H4 (b), and

cyclopentadienyl cation C5H5
? (c) have been investigated

by both in the experimental and theoretical methods

[87–101]. Hund’s rule [1] predicts the ground triplet state

of cyclobutadiene (b) at the square planar conformation

without the Jahn–Teller distortion (lattice symmetry

breaking or bond alternation) because of the complete

HOMO-LUMO degeneracy. This is, however, a typical

example of the breakdown of Hund’s rule [1, 8, 9]. In fact,

early theoretical studies such as CI, UHF and resonating

generalized valence-bond (RGVB) methods had already

revealed that the dynamic spin-polarization (SP) effect

yields the singlet ground state even at the D4h conformation

[8, 88–94]. Recent more rigorous theoretical computations

supported previous predictions [96, 99]. The ESR spec-

troscopy [89] has demonstrated that cyclopentadienyl cat-

ion has the triplet ground state with the D5h conformation;

this conformation is aromatic in the triplet state [87].

The RHF solutions for a–c suffer from the triplet

instability (or spin instability) [8, 59, 90] because of the

HOMO-LUMO degeneracy [87]. This entails the reorga-

nization of the RHF solutions into the more stable singlet

UHF solutions via HOMO-LUMO mixing [8] (see Eq. 2)

that induces inevitably the orbital and spin-symmetry

breaking [8, 9, 90, 91]. The spin-symmetry breaking brings

about the non-zero S2
� �LS

values even for singlet diradicals

as shown in Table 1.

Fig. 2 Molecular structures of

antiaromatic molecules (a–c),

cyclobutadienes with polar

substituents (d–f) and

bis(methylene)cyclobutadiene

isomers (g, h)
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The S2
� �LS

value theoretically becomes almost 1.0 in

the case of the complete mixing of the p-type HOMO and

LUMO; namely (p, p) singlet diradical state of a. However,

it becomes larger than 1.0 for b and c as shown in Table 1.

It implies that the spin polarization (SP) of other p-elec-

trons is non-negligible [8, 9, 90, 91]. The p-(HOMO-1) and

p-(LUMO ?1) mixing in Eq. 2 occurs via the intramo-

lecular magnetic fields of the p-diradical electrons [1, 24];

the negative spin densities appears on the carbon atoms via

this SP effect. Therefore, the SP effect cased by the UHF

approximation is often expressed with the use of the spin

vector model as illustrated in Fig. 3 [24, 63]. The up- and

down-arrows mean the a and b spin densities, respectively.

The spin densities on the carbon atoms of a–c obtained by

the LS and HS solutions are summarized in the Tables S2–

S4 in the Supporting Information. Judging from the S2
� �HS

values and positive spin densities on all carbon atoms for

a–c as listed Tables S2–S4 in the Supporting Information,

the SP effect of p-electrons is not significant in the triplet

state. The antiferromagnetic alignment of spin densities for

b and c by UHF is in accord with the spin vector model A

(B) and C in Fig. 3. However, the magnitude of the spin

densities is too large because of the too much SP effect of

p-electrons under the UHF approximation. This tendency is

not remarkable for a.

The dynamical correlation corrections for the UHF

solutions are examined by using the UHF-MP2 and UHF-

CCSD methods as shown in Table 1. The reduction of the

S2
� �LS

values by UHF-MP2 is rather small (0.04–0.08) for

b and c, indicating that the spin contamination effects via

the SP effect still remain [24]. On the other hand, the

S2
� �LS

values obtained by the UHF-CCSD method almost

1.0 for these species, indicating the significant elimination

of the spin contamination via the (HOMO - 1)–

(LUMO ? 1) mixing. However, the spin contamination

effects are not completely eliminated at the CCSD level, in

contrast to the previous theoretical predictions [22].

Moreover the S2
� �LS

values of a increase with the corre-

lation corrections. This means that the UHF-CC methods

including much higher excitation operators like UHF-

CCSDTQ [25] are desirable for the further improvement of

the S2
� �LS

values for a–c. The S2
� �HS

value for a–c by

UHF-CCSD is almost 2.0, showing the spin contamination

errors are negligible for the triplet diradicals (a–c). The

S2
� �LS

values calculated by the UBD method are close to

the corresponding values for a–c by UHF-CCSD. The spin

densities on the carbon atoms by UBD indicate the anti-

ferromagnetic alignment in accord with the spin vector

model in Fig. 3a–c, but their magnitude is largely reduced

and is consistent with the weak SP effect as shown in

Tables S2–S4. The S2
� �HS

value for a–c by UBD is also

almost 2.0, indicating no significant SP effect. Thus the

UBD method provides reasonable S2
� �

values for both the

singlet and triplet states of a–c.

Figure 4 shows the p- and next p-CMOs for b obtained

by the singlet UHF (A) and spin-unrestricted Brueckner

determinant (B). Both the p-CMOs are indeed localized on

the 1(2) and 3(4) carbon atoms, respectively. As for (A),

the orbital overlap between next p-CMOs in Eq. 6a is

smaller than 1.0, indicating that the dynamic SP effect is

not negligible. Therefore, the S2
� �LS

value is larger than

1.0 as listed in Table 1. On the other hand, the orbital

overlap between the next p-CMOs obtained by (B) is larger

than that obtained by (A). The difference is attributed to the

fact that the p-type SP effects are largely suppressed in (B).

The orbital overlaps for a–c calculated at UDFT levels are

shown in Tables S5–S7.

Table 1 Total spin angular momentums S2
� �

(The non-interaction

method is used) of antiaromatic molecules by the BS methods

Method C3H3
- (a) C4H4 (b) C5H5

? (c)

LS HS LS HS LS HS

UHF 1.0508 2.0216 1.2498 2.0148 1.1731 2.0119

UHF-MP2 1.0670 2.0042 1.1630 2.0010 1.1443 2.0001

UHF-CCSD 1.0735 2.0014 0.9856 2.0010 1.0692 2.0009

UBLYP 1.0067 2.0034 1.0314 2.0032 1.0149 2.0026

UB3LYP 1.0107 2.0050 1.0559 2.0044 1.0304 2.0035

UCAM-B3LYP 1.0126 2.0093 1.0745 2.0047 1.0455 2.0039

UBHandHLYP 1.0196 2.0093 1.1049 2.0070 1.0641 2.0056

ULC-BLYP 1.0149 2.0076 1.1010 2.0053 1.0691 2.0045

UBD 1.0819 2.0008 0.9683 2.0007 1.0678 2.0006

Fig. 3 Spin vector models for spin alignments via the spin polari-

zation or spin delocalization effects for antiaromatic molecues (a–

c) and bis(methylene)cyclobutadiene isomers (g, h)
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3.2 Post-UHF and UBD calculations of 2J values

in antiaromatic molecules

Table 2 summarizes the 2J values for a–c obtained by three

procedures in Eqs. 8a, b, c based on the R(U)HF and

related correlation methods. First of all, let us examine the

RHF-based computations of J values for antiaromatic

molecules for the comparative purposes. Table 2 summa-

rizes the S–T gaps (2 J) for a–c by R(O)HF methods.

Judging from the large positive 2J values, the RHF solution

cannot properly describe the singlet (p, p) diradical state.

The HOMO-LUMO degeneracy of the RHF solution for

a–c also entails the breakdown of post-RHF methods and

this tendency is not improved at the RHF-CCSD and RHF-

CCSD(T) levels. The RHF-based the equation-of-motion

CCSD (EOM-CCSD) together with the cc-pVTZ basis sets

also provided the positive 2J value of 13 kcal/mol, while

the spin-flip EOM-CCSD method reproduced the singlet

ground state [96]. From Table 2, the 2J value for a is

positive at the UHF level, but the results are negative for b

and c because of the strong SP effect in the singlet state as

illustrated in Fig. 3. On the other hand, the 2J values at the

UHF-MP2 level are positive for a–c, indicating the triplet

ground state even for b. The UHF-CCSD method similarly

predicts the triplet ground state for a and c, but it provides

the negative 2J value for b. This tendency by UHF-CCSD

is the same as the UHF-CCSD(T) approximation. There-

fore, the UHF-CCSD and UHF-CCSD(T) methods cor-

rectly describe the dynamic SP effect for b. Interestingly,

the 2J value obtained by CASSCF(2,2) is positive even for

b because of no inclusion of this effect as shown in

Table 2. The UBD calculations significantly decrease the

spin-contamination effects of the UHF solutions and yield

qualitatively correct values of 2J in combination with the

AP scheme. The UHF-CCSD and UBD results are close to

the spin-flip EOM-CCSD result (-8.5 kcal/mol), whereas

the UHF-CCSD(T) and UBD(T) results are comparable to

the MR averaged quadratic coupled cluster (MR-AQCC)

result (-5.5 kcal/mol). The J1 values by Eq. 8a [13] are

close to the corresponding J3 values by Eq. 8c [12] in the

case of antiaromatic molecules with 100% diradical char-

acter. On the other hand, the J2 value by Eq. 8b [14] is

simply twice of the J3 value in the case of diradical species

with Smax = 1. The same tendency is also observed for

UDFT computations as shown below. Thus the numerical

values in Tables 2 and 3 clarify the scope and applicability

of the computational schemes for 2J values.

3.3 Spin-polarized DFT calculations of 2J values

in antiaromatic molecules

We have used several exchange–correlation functional sets

to calculate the S-T gaps (2 J) for antiaromatic molecules

together with three different formulae in Eqs. (8a, 8b, 8c).

Fig. 4 Corresponding molecular orbitals (CMO) from UHF (a) and

spin-unrestricted Brueckner (b) orbitals for b with orbital overlap (Si)

values

Table 2 The 2J [J = J1 by Eq. 8a and J3 by Eq. 8c in the paren-

theses (J3 = 2J2 by Eq. 8b)] values (kcal/mol) for antiaromatic

molecules calculated by the BS and MR methods

Method C3H3
- (a) C4H4 (b) C5H5

? (c)

UHF 20.9 (20.3) -62.2 (-47.6) -9.2 (-7.8)

R(O)HF 49.7 33.1 34.0

R(O)MP2 760 14.2 26.5

R(O)CCSD 72.8 10.5 22.9

R(O)CCSD(T) 73.0 4.0 20.3

UHF-MP2 19.3 (18.1) 14.8 (12.4) 39.2 (33.5)

UHF-CCSD 15.5 (14.4) -9.9 (-10.1) 11.1 (10.4)

UHF-CCSD(T) 12.7 (11.8) -4.8 (-4.8) 14.8 (13.7)

UBD 15.9 (14.6) -9.1 (-9.1) 11.8 (11.0)

UBD(T) 12.5 (11.4) -5.1 (-5.2) 14.0 (13.0)

ROHF-MkCCSD 12.0 -8.6 13.5

CASSCF-MkCCSD 13.0 -8.1 9.4

UNO-MkCCSD 12.3 -8.9 13.8

DNO-MkCCSD 12.3 -9.0 13.7
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Three different computational schemes [54–56] of the S2
� �

values by UDFT are also examined. The values of 2J

calculated by UDFT are listed in Table 3. All the UDFT

methods employed here predict the positive 2J values for a

and c, and negative 2J values for b. The 2J value for a by

UB3LYP is compatible with those of UHF-CCSD(T) and

UBD(T). On the other hand, the UBD(T) value for b is

rather close to that of UBLYP. The magnitude of 2J values

for a and b increase in the order: UBLYP \ UB3LYP \
UCAM-B3LYP \ UBHandHLYP \ ULC-BLYP. It in

turn decreases in the same order in the case of c. These

trends are consistent with the increase of the HF exchange

term. The 2J values for c by all the hybrid UDFT methods

examined here are smaller than those of UHF-CCSD(T)

and UBD(T).

The 2J values for a and c obtained by the non-interacting

approximation is always larger than those obtained by the

XLSD and XGGA scheme. Nevertheless, the differences in

the 2J values between non-interacting approximation and

the XLSD (or XGGA) scheme are not so large for a–c for all

UDFT methods examined here. Therefore, Eq. 8a with the

use of the S2
� �

values obtained by the non-interacting

procedure is practical for calculating 2J values. Thus hybrid

UDFT methods qualitatively reproduce the S–T gaps (2 J)

for antiaromatic molecules calculated by the post-UHF

methods. This is the reason why previous hybrid UDFT

computations have provided reasonable 2J values for

magnetic oligomers and polymers as compared with their

corresponding experimental values [66–69].

3.4 MkCCSD calculations of antiaromatic molecules

Several reference orbitals discussed in Sect. 2.5 are

examined for MkCCSD computations of parent antiaro-

matic molecules (a–c). The NOs obtained by UCAM-

B3LYP are used as DNO. As listed in Table 2, the

MkCCSD calculations provide ferromagnetic coupling for

a and c and antiferromagnetic coupling for b in accordance

with the UHF-CCSD methods. The sign and magnitude of

2J values for a and b do not significantly vary with the

reference orbitals. On the other hand, the absolute 2J value

for c calculated by MkCCSD starting from CASSCF NOs

is smaller than the other reference orbitals (ROHF, UNO,

and DNO) by 4 kcal/mol. Since the MkCCSD method

provides the negative S–T gaps (2 J) for b regardless of the

reference orbitals, the dynamical SP effect is correctly

described by the combination of the exponential ansatz and

minimal active space. The absolute 2J value for b calcu-

lated by the MkCCSD methods are close to those of

UB3LYP, UBD, UHF-CCSD, and spin-flip EOM-CCSD

[96], while the value is larger than those of UHF-CCSD(T)

and UBD(T) by 4–5 kcal/mol. In this sense, the MkCCSD

method is useful as an indicator to check the reliability of

the UHF-CCSD and UBD, and several UDFT methods for

antiaromatic molecules. The diradical characters for parent

antiaromatic molecules (a–c) are also calculated as shown

in Table S8. The diradical character is 100% for b by the

MkCCSD method in accord with all other computational

methods examined here. On the other hand, the CASSCF

and CASSCF-based MkCCSD computations predict the

intermediate diradical character values for a and c.

4 Cyclobutadiene derivatives

4.1 Cyclobutadiene with polar substituents (d–f)

Bulky and polar substituents are often introduced into

cyclobutadiene skeleton for the purpose of stabilization

[102–104]. Menke et al. [98] and Eckert-Maksic et al.

[99, 100] have already investigated cyano-substituted

cyclobutadienes. They concluded that the CASPT2(X,X)

(X = full p-active orbital space) was necessary for quan-

titative calculations of the S–T gaps of cyano-substituted

cyclobutadienes. Here, variation of the S–T gap and

diradical character is examined by introducing polar sub-

stituents: amino (d), formyl (e), and both amino and formyl

(f) groups. Table 4 summarizes the total spin angular

momentum for d–f. The spin densities on the carbon atoms

of d–f for UHF solutions in both LS and HS states

are summarized in the supporting Tables S9–S11. The

behavior of S2
� �

values for both the LS and HS states are

Table 3 The 2J [J = J1 by Eq. 8a and J3 by Eq. 8c in the paren-

theses (J3 = 2J2 by Eq. 8b)] values (kcal/mol) for antiaromatic

molecules (a)–(c) by the hybrid DFT methods

Methoda C3H3
- (a) C4H4 (b) C5H5

? (c)

UBLYP (NI) 8.6 (8.5) -4.2 (-4.1) 9.3 (9.2)

UBLYP (XLSD) 6.7 -4.5 7.6

UBLYP (XGGA) 6.7 -4.5 7.6

UB3LYP (NI) 11.6 (11.6) -8.6 (-8.2) 9.1 (8.9)

UB3LYP (XLSD) 9.2 -9.8 7.8

UB3LYP (XGGA) 9.2 -9.8 7.8

UCAM-B3LYP (NI) 14.2 (14.2) -12.9 (-12.0) 6.5 (6.2)

UCAM-B3LYP (XLSD) 11.4 -15.1 5.6

UCAM-B3LYP (XGGA) 11.4 -15.1 5.6

UBHandHLYP (NI) 15.7 (15.6) -19.7 (-17.7) 6.3 (6.0)

UBHandHLYP (XLSD) 12.8 -24.2 5.7

UBHandHLYP (XGGA) 12.8 -24.2 5.7

ULC-BLYP (NI) 17.7 (17.5) -20.1 (-18.2) 1.6 (1.5)

ULC-BLYP (XLSD) 14.4 -24.3 1.5

ULC-BLYP (XGGA) 14.4 -24.3 1.5

a NI represents the non-interacting scheme
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consistent with the results of the parent cyclobutadiene (b)

with a few exceptions. The UBLYP and UB3LYP methods

provide nearly closed-shell singlet solutions with S2
� �LS

* 0.1 for f. Table 5 summarize the S–T gap by the BS and

MkCCSD methods. Table 5 shows that the 2J values for

d–f are largely negative at the UHF level, while the results

show the triplet ground state at the UHF-MP2 level. The

UHF-CCSD and UHF-CCSD(T) methods predict the sin-

glet ground state for d–f. The similar tendency is also

obtained by UBD and UBD(T) as shown in Table 5. All

UDFT methods indicate the negative 2J values for d–f. The

large magnitude of the 2J values for f calculated by

UBLYP and UB3LYP are attributed to the nearly closed-

shell singlet solutions. The 2J values by the UCAM-B3LYP

are compatible with those of UHF-CCSD and UBD.

As in the case of a and c, the CASSCF(2,2) calculations

for d–f give the delocalized solutions by substituting the

electron-donating and electron-withdrawing group. The

calculated Y values for d–f at the CASSCF(2,2) level do

not exhibit complete diradical solutions as shown in Table

S12. The inappropriate solutions for d and e cause the

positive (triplet ground state) 2J values, while the nearly

closed-shell singlet solution for f overestimates the stabil-

ization of the singlet state as in the case of UBLYP and

UB3LYP. On the other hand, the CASSCF(4,4) calcula-

tions including all 4p-orbitals give diradical solutions with

Y = 100%. The obtained 2J values represent the antifer-

romagnetic couplings. The S–T gap including the parent

cyclobutadiene (b) decreases in the following order:

b [ e [ d [ f calculated by MkCCSD and most other

methods. This indicates that the triplet state is more sta-

bilized than the singlet state by the polar substituents. The

complete diradical BS solutions are obtained outside of

these exceptions, and the 2J value increases in the same

order as b. The three types of localized active orbitals,

which are compatible with those of b, are used for the

MkCCSD computations. Note that the CASSCF(4,4) NOs

are used instead of the poor CASSCF(2,2) NOs because the

MkCCSD computations fail to converge with the use of

localized CASSCF(2,2) NOs in contrast to a and c. The

difference in 2J value is not remarkable for d and e,

whereas the magnitude of the MkCCSD result with the use

of the localized active orbitals of ROHF MOs is smaller

than the other two by *2 kcal/mol. Judging from these

MkCCSD results, the UBD with the AP method performs

well for the p conjugated diradical systems [51, 105, 106].

4.2 Through-bond exchange coupling

via cyclobutadiene (g, h)

Dougherty et al. [107] have already concluded that the

ground state is a triplet for 1,3-dimethylenecyclobutadiene

on experimental grounds. According to the spin vector

model in Fig. 3e and f [8, 24], the 1,2- (g) and 1,3- (h)

isomer of bis(methylene)cyclobutadiene are expected to

show antireferromagnetic and ferromagnetic couplings,

respectively. Table 6 summarizes the S2
� �LS

, S2
� �HS

and

2J values for g and h. The Y values are summarized in

Table 7. Figure 5 illustrates the populations of spin den-

sities for these species. All methods employed here predict,

respectively, the positive and negative 2J values for the g

and h. Therefore computational results are consistent with

Table 5 The 2J values (kcal/mol) for e–f by the BS and MR methods

Method C4H3(NH2)

(e)

C4H3(CHO)

(d)

C4H2(NH2)

(CHO) (f)

UHF -53.0 -55.1 -39.4

UHF-MP2 15.2 7.8 18.1

UHF-CCSD -8.2 -9.7 -4.8

UHF-CCSD(T) -3.2 -4.5 -0.6

UBD -7.3 -8.5 -4.0

UBD(T) -3.6 -4.5 -0.9

UBLYP -2.4 -3.3 -9.6

UB3LYP -6.2 -7.2 -6.5

UCAM-B3LYP -10.3 -11.3 -5.4

UBHandHLYP -16.1 -17.1 -9.3

ULC-BLYP -16.9 -18.1 -10.8

CASSCF(2,2) 0.5 3.4 -11.1

CASSCF(4,4) -9.4 -9.6 -6.9

ROHF-MkCCSD (loc)a -6.5 -7.1 -2.7

CASSCF-MkCCSD

(loc)a,b
-7.3 -6.9 -4.5

UNO-MkCCSD (loc) -7.3 -7.6 -4.3

a The localized active orbitals of ROHF MOs, CASSCF NOs, and

UNOs are used
b The localized (2e,2o) active space based on the CASSCF(4e,4o)

NOs are used

Table 4 Total spin angular momentums S2
� �

of cyclobutadiene

derivatives with polar substituents by the BS methods

Method C4H3(NH2) (d) C4H3(CHO) (e) C4H3(NH2)(CHO)

(f)

LS HS LS HS LS HS

UHF 1.2378 2.0176 1.4056 2.1588 1.3739 2.1353

UHF-MP2 1.1542 2.0023 1.2790 2.0974 1.2583 2.0834

UHF-CCSD 0.9952 2.0011 1.0236 2.0187 1.0375 2.0191

UBLYP 1.0264 2.0032 1.0280 2.0052 0.1182 2.0044

UB3LYP 1.0498 2.0044 1.0600 2.0115 0.1131 2.0106

UCAM-

B3LYP

1.0694 2.0074 1.0874 2.0168 1.0773 2.0164

UBHandHLYP 1.0977 2.0049 1.1331 2.0324 1.1167 2.0303

ULC-BLYP 1.0965 2.0057 1.1214 2.0224 1.1130 2.0227

UBD 0.9798 2.0007 0.9854 2.0041 1.0039 2.0044

758 Theor Chem Acc (2011) 130:749–763

123



the prediction of the spin vector model in Figs. 3 and 5

qualitatively: namely singlet and triplet ground states,

respectively, for g and h.

The S2
� �LS

value for g obtained by UHF remains to be

0.685, indicating that the SP effect appears in the C = C

bonds as shown in Fig. 5, while no spin density appears in the

UDFT solutions for every exchange–correlation functional.

The S2
� �LS

values for g decrease with increasing the

dynamical correlation corrections in the order of

UHF [ UHF-MP2 [ UHF-CCSD. The spin contamination

for g is not completely removed at the CCSD level, although

the UHF-CCSD method greatly improves the UHF-MP2

Table 6 The S2
� �

and 2J values (kcal/mol) for g and h by the BS and MR methods

Method 1,2-isomer (g) 1,3-isomer (h)

hS2iLS hS2iHS 2 J hS2iLS hS2iHS 2 J

UHF 0.6848 2.2565 -78.4 0.9901 2.4451 44.1

UHF-MP2 0.5662 2.1671 -90.4 1.0092 2.3124 4.5

UHF-CCSD 0.1226 2.0290 -81.1 1.0847 2.0872 23.5

UHF-CCSD(T) 0.1266 2.0290 -82.7 1.0847 2.0872 15.0

UBD 0.0000 2.0083 -79.5 1.1030 2.0308 26.1

UBD(T) 0.0000 2.0083 -79.8 1.1030 2.0308 17.1

UBLYP 0.0000 2.0098 -75.3 0.9502 2.0240 13.3

UB3LYP 0.0000 2.0224 -74.9 0.9535 2.0568 19.6

UCAM-B3LYP 0.0000 2.0387 -74.5 0.9565 2.0981 23.6

UBHandHLYP 0.0000 2.0590 -71.3 0.9640 2.1414 28.6

ULC-BLYP 0.0000 2.0657 -73.6 0.9610 2.1559 28.6

CASSCF 0 2 -86.9 0 2 10.1

ROHF-MkCCSD 0 2 -82.7 0 2 20.0

CASSCF-MkCCSD 0 2 -84.2 0 2 19.5

UNO-MkCCSD 0 2 -83.4 0 2 19.8

ROHF-MkCCSD (loc)a 0 2 -84.1 0 2 19.3

CASSCF-MkCCSD (loc)a 0 2 -93.4 0 2 14.9

UNO-MkCCSD (loc)a 0 2 -83.7 0 2 16.6

a The localized active orbitals of ROHF MOs, CASSCF NOs, and UNOs are used

Table 7 The Y values (%) for g and h by the BS and MR methods

Method 1,2-isomer (g) 1,3-isomer (h)

UHF 2.7 67.8

UBDa 0.0 70.8

UBLYP 0.0 56.5

UB3LYP 0.0 57.3

UCAM-B3LYP 0.0 58.2

UBHandHLYP 0.0 60.5

ULC-BLYP 0.0 59.8

CASSCF 8.3 49.0

ROHF-MkCCSD 5.2 51.0

CASSCF-MkCCSD 5.1 51.0

UNO-MkCCSD 4.0 53.9

The corresponding effective bond order B (%) is give by 100-Y

Equation 6b is used

Y ¼ 2c2
2 is used

a The Y values are calculated in the Fermi vacuum

Fig. 5 Spin densities for g and h both in the singlet and triplet states

calculated by UHF. Values in parentheses represent results calculated

by UCAM-B3LYP
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solution. On the other hand, S2
� �BS

value calculated by UBD

is equal to zero. The 2J values range from -78.4 to

-79.8 kcal/mol for UHF, UBD and UBD(T), and from -71.3

to -75.3 kcal/mol for the UDFT methods. For the MkCCSD

results, the S–T gaps (2 J) with the use of both delocalized and

localized natural orbitals are * -84 kcal/mol except for

MkCCSD starting from the localized active orbitals of

CASSCF NOs (-93 kcal/mol). The MkCCSD calculation

does not depend on the reference orbital since the electronic

structure of g is nearly closed-shell singlet.

Since the radical sites exist in h, large spin densities appear

on C3 and C5 atoms in the LS solutions even at the UDFT

levels, in contrast to g, as shown in Tables S13 and S14.

According to the natural orbital analysis, the Y value ranges

from 49.0 to 70.8% as shown in Table 7. The relatively large

overlap between the C3 and C5 sites decreases the Y value.

The S2
� �HS

value obtained by UHF (2.445) is larger than 2.0,

indicating the strong SP effect as shown in Fig. 5. Therefore, it

provides the positive large 2J value. The inclusion of the

dynamical correlation corrections by UHF-CCSD and UBD

suppress the excess of the SP effects. As for UDFT methods,

the spin populations on each carbon atom correlate with

HF exchange, and the magnitude of 2J value increases as

UBLYP \ UB3LYP \ UBHandHLYP. The range-sepa-

rated ULC-BLYP provides the 2J value same as that of

UBHandHLYP, while the UCAM-B3LYP result lies between

UB3LYP and UBHandHLYP. The S–T gaps obtained by the

MkCCSD computations do not depend on the reference

orbitals when the delocalized ones are used. On the other hand,

the calculated 2J values vary with the localized reference

orbitals, ranging between 14.9 and 19.3 kcal/mol. The

2J values are 15.0 and 17.1 kcal/mol, respectively, by UHF-

CCSD(T) and UBD(T). Therefore these methods reproduce

the MkCCSD results based on the localized natural orbitals.

5 Discussions and concluding remarks

5.1 Chemical indices

In this paper we have calculated effective bond order and

diradical character values to elucidate the nature of

chemical bonds of parent antiaromatic molecules and their

derivatives. The effective bond order values are defined for

both the spin-projected BS and MR solutions as shown in

Tables S5–S7. These indices are useful for extraction of

common chemical pictures from the BS and MR calcula-

tions. However, we do not discuss the unpaired electron

density and spin correlation functions. The unpaired elec-

tron density is defined by the square of spin density and it is

directly related to the Coulomb hole between electrons

with opposite spins [108, 109]. Therefore the magnitude of

the spin density appeared in the BS solutions is nothing but

the size of the Coulomb hole from the electron correlation

theory [24]. On the other hand, the product of the spin

densities on each site just corresponds to the classical part

of the spin correlations function defined by the second-

order density matrix [108, 109]. This means that the sign of

the spin densities is directly related to the sign of spin

correlation functions: negative spin density product corre-

sponds to the antiferromagnetic spin correlations and

positive spin density product corresponds to ferromagnetic

spin correlations. The spin vector model in Fig. 3 repre-

sents these spin correlations with classical vectors. The

physical background and mathematical expressions for

these chemical indices are given in Refs. [24, 110].

5.2 Through-bond exchange coupling

Imamura and Hoffmann have presented seminal papers

concerning with through-bond and through-space interac-

tions [111, 112] in late 1960s. Imamura and Aoki and their

collaborators [113, 114] have further developed the elon-

gation methods for elucidation and computations of elec-

tronic and spin structures of extended systems such as

polymers. We have applied the UHF method to elucidate

through-bond exchange couplings between radical groups

introduced into p-networks [115]. For example, ferro-

magnetic and antiferromagnetic polymers are easily

designed on the basis of the spin vectors models in Fig. 3

assisted with the spin correlation functions obtained by the

BS calculations as illustrated in Fig. 6 [24].

Mitani et al. [66–69] have performed extensive hybrid

UDFT calculations of the diradical and polyradical systems

to elucidate the through-bond effective exchange integrals

in diradicals and polyradicals. Very recently, we made a

comparison of the 2J value for through-bond exchange

interactions in oxyallyl between several BS and MR

methods [116]. It was concluded that an appropriate

description of nondynamical and dynamical correlation is

essential even for such small species. Therefore benchmark

Fig. 6 Magnetic polymers with ferromagnetic (F) and antiferromag-

netic (AF) spin alignments constructed of cyclobutadiene skeletons.

X denotes the radical site with local spins such as –CR–, –NO–
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tests of small diradical systems by conducting the accurate

MkCCSD computations are useful for the elucidation of

scope and applicability of various BS calculations.

5.3 Concluding remarks

In this paper, we have performed systematic comparisons of

MkCCSD and BS methods concerning with singlet–triplet

energy gaps (2 J) and diradical characters of typical diradical

species: antiaromatic molecules (a–c), cyclobutadiene

derivatives with polar substituents (d–f), cyclobutadiene with

radical substituents (g–h). From these comparisons, we have

pointed out that (i) spin-contamination of the UHF (or spin-

unrestricted Brueckner) determinant-based CC solutions is

non-negligible and it arises mainly from triplet state; (ii) the

AP method is also applicable to the inclusion of the pertur-

bative triple corrections (T) such as UHF-CCSD(T); (iii) NOs

of BS solutions are sufficient as reference orbitals of

MkCCSD calculations; (iv) RHF-CCSD often fails in cal-

culation of diradical species with strong diradical characters;

(v) chemical indices are useful for elucidation of the nature of

chemical bonds of diradical species. We employed four types

of orbitals for MkCCSD, i.e. ROHF MOs, CASSCF NOs,

UNOs and DNOs. The dependence of the singlet–triplet gaps

on these NOs is small in the case of diradicals examined here.

This in turn indicates that NOs obtained from BS computa-

tions such as hybrid UDFT are directly utilized for the ref-

erence orbitals for successive MkCCSD computations of

quasi-degenerate electronic systems. Furthermore, size-con-

sistent correction is feasible for MkCCSD with the use of

localized active orbitals. The UDFT methods are modified to

reproduce qualitatively good results that are compatible with

highly accurate ab initio methods in spite of their low com-

putational costs; the magnetic effective DFT method is such

an example [117]. The S2
� �

values predicted by the non-

interaction procedure are comparable to the XLSD and

XGGA schemes. The MkCCSD computations of parent di-

radicals with the use of BS NOs as reference orbitals provide

useful and reliable 2J values for calibration and construction

of effective hybrid UDFT functionals for related large di-

radical systems. This study also shows that the highly cor-

related BS methods with the AP correction as well as

MkCCSD have potential to provide reference data for the

design of a new exchange–correlation functional that is

suitable for diradical molecules. Thus, further developments

of both symmetry-adapted MR methods and BS methods

should be imperative for describing the electronic structures

of complicated polyradical systems, followed by the design of

molecular-based magnetic materials.
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Appendix

The acronyms given in the text are summarized in Table

S15 in the Supporting Information.
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